Let f be a binary string and d 1. Then the generalized Lucas cube Q d ( f ) is introduced as the graph obtained from the d-cube Q d by removing all vertices that have a circulation containing f as a substring. The question for which f and d, the generalized Lucas cube Q d ( f ) is an isometric subgraph of the d-cube Q d is solved for all binary strings of length at most five. Several isometrically embeddable and non-embeddable infinite series where f is of arbitrary length are given. Some structural properties of generalized Lucas cubes are also presented.
Introduction
Hypercubes form one of the most applicable classes of graphs and offer challenging mathematical and computational problems. (Recall that the d-cube Q d is the graph whose vertices are all binary strings of length d, two vertices are adjacent if they differ in exactly one position.) In this paper we continue the research initiated in [5] by studying graphs that are obtained from hypercubes by removing vertices that contain forbidden substrings.
The Fibonacci cube Γ d is obtained from Q d by removing the vertices that contain the substring 11. Fibonacci cubes found a couple of applications [4, 8] and have been extensively studied [2, 10, 11] . For more motivation and references on the Fibonacci cubes see [5] . If f is an arbitrary binary string, we can more generally consider the subgraph Q d (f ) of Q d induced on vertices that do not contain f as a substring. These graphs were introduced in [5] and named generalized Fibonacci cubes.
Lucas cubes [1, 3, 6, 7, 9] form a class of graphs closely related to Fibonacci cubes. In fact, they are defined just as Fibonacci cubes with the additional request that 1 cannot occur simultaneously in the first and the last position. Hence the Lucas cubes are graphs in which the substring 11 is forbidden in a circular manner.
In this paper we introduce generalized Lucas cubes in the way analogous (in view of the above remark) to the generalized Fibonacci cubes. Although these families of graphs are similar, they have several different properties. The definition of the generalized Lucas cubes is more symmetric due to the circular consideration of the strings. However, it turns out rather surprisingly that generalized Fibonacci cubes embed isometrically into the corresponding cubes much more frequently than the generalized Lucas cubes. Moreover, among the generalized Lucas cubes non-connected graphs occur (very rarely though) and isometric embeddability of them into Q d may depend on the congruence of d by some modulo.
The paper is organized as follows. In the rest of this section we give necessary definitions. In Section 2 we present our main results-classification of generalized Lucas cubes that embed isometrically into the corresponding cubes for all forbidden strings of length at most five. Then, in Section 3, some structural properties of generalized cubes are given. The final section contains proofs of the results from Section 2.
The Lucas cube 
We will write H G to denote that H is an isometric subgraph of G and H G that this is not the case. For instance, Λ d Q d , see [6] . 
(Non-)embeddability of short and regular strings
In this section we give a solution to the question:
for all strings f of length at most 5. Along the way several additional (non-)embeddability results are obtained for strings of arbitrary length. We begin with a collection of observations and leave their straightforward proofs to the reader. Lemma 1 (i) Let f be a binary string of length r and
(ii) Let f be a binary string and d 1.
(iii) Let f be a nonempty binary string and d 1.
(iv) Let f = f 1 f 2 . . . f r and d r. Then at least one of the circulations of a string b contains f as a factor if and only if b 2 does so. In other terms,
Because of Lemma 1(i), let us call a dimension trivial provided that it is smaller than the length of the forbidden string considered, that is, d < r.
Forbidden strings with one block yield isometric embeddings:
The situation with two blocks is more involved:
Theorem 3 For any nontrivial dimension d, the following statements hold.
When f has three blocks, we have nonisometry for all nontrivial dimensions:
To cover the cases where f is of length 4 and 5, we also need to consider f 's with more than three blocks. We have the following related results: Proposition 7 Let r 1 , . . . , r n , s 1 , . . . , s n 1 and let d be a nontrivial dimension. Then
The next result shows a striking difference between the isometry of generalized Lucas cubes and generalized Fibonacci cubes. In order to complete our classification, a single forbidden factor remains that is not covered by the above results: 11010. To take care of it we prove:
Now everything is ready for the main results of this paper which are presented in Table 1 . In view of Lemma 1(ii) and (iii) we present only nonisomorphic generalized Lucas cubes, and in view of Lemma 1(i) we state results for nontrivial dimensions only. Only strings written in bold yield isometric embeddings, while strings labeled with indicate disconnected graphs (cf. Proposition 10). We note that in all the cases when
3 On the structure of Generalized Lucas cubes 
Using the results from [6] , the following formulas hold: Among the strings of length 3, 111 is the only one that gives isometric embeddings.
. Then similar recurrent formulas hold for d 6 as those for the generalized Fibonacci cubes Q d (111) [5] :
In order to prove these formulas, we relate them with the corresponding parameters of the generalized Fibonacci cube G 
Using similar recurrent formula for V (G ′ d ) we get Equation (4) . For the number of edges, we need to exclude the edges from G ′ d where at least one vertex belongs to S = A B C.
We claim that there are exactly 6 V (G
) edges that connect one vertex from S and one vertex from V (G d ). Consider the vertex 110 . . . 01 from A. It has neighbors 010 . . . 01, 100 . . . 01, and 110 . . . 00 (and 110 . . . 011, but this vertex is from C, and we will count these edges in the second part). Therefore, the number of edges with one vertex in A or B and the other one in the Lucas cube is equal to 6 V (G 
Using a recurrent formula for E(G ′ d ) we get Equation (5). Similarly we derive the formula for the number of squares, Equation (6) .
The initial values are:
Proofs
We need to show that d Q d ) and that they differ in three bits, that is, ). This implies that d
Attaching an appropriate number of 1's to the front of b and c, the above construction applies to d 7 which proves (ii). We next show that the smallest nontrivial dimension in (iii) and in (iv) does not give isometry. So to show that Q r+s ( 
Note that b and c differ in k bits. The only neighbors of
for some 0 x k − 1. But none of them belongs to
We still need to show that b, c Q d ( f ). In our earlier proofs this was straightforward, but now the task is more complicated.
Suppose by way of contradiction that b Q d ( f ). Considering the length of f and the structure of b, we infer in the spirit of Lemma 1(iv) that a circulation of (1
where l 1, contains f = 1 r 1 0 s 1 . . . 1 rn 0 sn as a factor. Note that the indices of f and g coincide except that g could have more 1's at the front and more 0's at the end. Note also that we could define g by ending it with 1 r n−l 0 s n−l if s n 1. We distinguish two cases.
Case 1: s n 1. Then there is an index l, 1 l < n, such that
and s n−l s n . Let n =ñl + u for some 0 u < l. If u = 0, then s n − 1 = s l = s 2l = . . . = s (ñ−1)l s n , a contradiction. Assume u 0. Let g be the greatest common divisor of l and u. Set l = l 1 g and u = u 1 g. Then
and we get a contradiction.
Case 2: s n = 1. Then there is an index l, 1 l < n, such that
and r n r 1 . Let n =ñ(l − 1) + u for some 0 u < l − 1.
Let r = r n + r 1 . If u = 0, then
= r n , a contradiction. Assume u 0. Then r = r l = rñ (l−1)+1=n−u+1 . If u = 1, then r = r n , a contradiction. Assume u 2. Let g be the greatest common divisor of l − 1 and u − 1. Set l − 1 = l 1 g and u − 1 = u 1 g. Then r = r n−u+1+l−n=l−u+1=l−1−u+2 = rñ (l−1)−u+2=n−2u+2 (= r n−2u+2+l−1 if n − 2u + 2 n − l) .
Note that n − 2u + 2 n − l + 1 as otherwise r = r n , a contradiction. Now r = r n−2u+2(+l−1)+l−n=(l−1)−2u+3(+l−1) = r n−u−2u+3=n−3u+3 = . . .
= r n , and we get a contradiction. This proves that b
Thenc is a circulation of c and hencec By Case 1 and Case 2, we conclude that if for some index t, b t = b t+2s−1 = 1, c t = c t+2s−1 = 0 and b r = c r for all t < r < t + 2s − 1, then two cases follow. In the first case, at least one neighbor of b or c on a shortest b, c-path in Q d belongs to Q d ( (10) s ) and we can proceed by induction. In the second case, k(t) = t−(2s−1), b l(t) = 1, c l(t) = 0, b l(t) is preceded by (10) s−1 1 and c l(t) is followed by 0(10) Proof of Proposition 9. We will distinguish three cases based on the residue of d modulo 3. 
